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Periodically driven quantum systems can realize novel phases of matter that do not exist in static
settings. We study signatures of these drive-induced phases on the (d + 1)-dimensional Floquet
lattice, comprised of d spatial dimensions plus the frequency domain. The average position of Floquet
eigenstates along the frequency axis can be written in terms of a non-adiabatic Berry phase, which we
interpret as frequency-domain polarization. We argue that whenever this polarization is quantized
to a nontrivial value, the phase of matter cannot be continuously connected to a time-independent
state and, as a consequence, it captures robust properties of its dynamics. We illustrate this in driven
topological phases, such as superconducting wires and the anomalous Floquet Anderson insulator;
as well as in driven symmetry-broken phases, such as time crystals. We further introduce a new
dynamical phase of matter that we construct by imposing quantization conditions on its frequency-
domain polarization. This illustrates the potential for using this kind of polarization as a tool to
search for new driven phases of matter.
Introduction. A long-standing interest in condensed
matter physics has been to understand the properties of
non-equilibrium quantum systems. Over the past decade,
significant attention has been given to phases of mat-
ter induced by periodic drives, known as Floquet phases.
This has led, for example, to the discovery of new topo-
logical states [1–9], which exhibit novel phenomena such
as non-adiabatic charge pumping and quantized magne-
tization [10, 11]. New symmetry-broken phases have also
been discovered, such as driven spin-glasses that sponta-
neously break time-translation symmetry [12–15].
The standard approach to Floquet phases has been to
analyze their time-dependent properties within a single
period, the so-called micromotion. There has been, how-
ever, growing interest in understanding Floquet systems
in the frequency domain. Traditionally, the frequency
domain has been used as an auxiliary tool to simplify nu-
merical calculations and make useful analytical approx-
imations [5, 16, 17]. Recent studies have led to inter-
esting insight into some aspects of the dynamics of Flo-
quet states on the Floquet lattice, which is composed of
spatial and frequency directions [18–22]. There is still
lacking, however, an understanding of the signatures of
drive-induced phases that arise in the frequency domain.
Since a frequency domain description naturally captures
the full micromotion of a system, it is tantalizing to look
for properties on the Floquet lattice that capture robust
aspects of their dynamics.
In the present work, we show that drive-induced
phases of matter are characterized by non-adiabatic
Berry phases which can be interpreted as polarization
along the frequency axis of the Floquet lattice. We ar-
gue that when a phase of matter exhibits a nontrivial
quantized frequency-domain polarization, it cannot be
continuously connected to a static state. This kind of po-
larization thus captures robust features of the dynamics
of drive-induced phases. We present examples in 1D and
2D of quantized frequency-domain polarization as well
as quantized frequency-domain pumping. Finally, using
these insights, we discuss how frequency-domain polar-
ization can be used to construct new dynamical phases
of matter.
Frequency-domain polarization as a non-adiabatic
Berry phase. We are interested in the physics of a d-
dimensional system described by a time-periodic Hamil-
tonian h(t) = h(t + T ). The conventional approach to
study this problem is to compute the set of Floquet eigen-
states {|u(n)t 〉} which satisfy
U(t+ T, t)|u(n)t 〉 = e−inT |u(n)t 〉, (1)
where U(t, t0) = T e−i
∫ t
t0
dτh(τ)
, with T the time order-
ing operator. The set {n} is referred to as the quasi-
energy spectrum, taking values in the range (− piT , piT ]. By
studying the time-dependent properties of {|u(n)t 〉}, new
phases of matter have been found that do not exist in
time-independent systems.
In contrast to this approach, we seek to understand
driven phases in the frequency domain. We will set the
unit frequency to ω0 = 2pi/T = 1. We begin by writ-
ing the Schrodinger equation as [−i∂t + h(t)] |v(n)t 〉 =
n|v(n)t 〉, where |v(n)t 〉 = eint|u(n)t 〉 is periodic in t. This
eigenvalue equation can be viewed as describing a (d+1)-
dimensional system with a Hilbert space F = H ⊗ C ,
where H is the space of the static system and C is the
space of time-dependent functions of period 2pi [16, 17].
In C , temporal and frequency bases {|t〉} and {|m〉} can
be defined such that 〈n|m〉 = δnm, 〈t|t′〉 = 2piδ(t − t′),
and 〈t|m〉 = eimt. The Schrodinger equation inH is then
the temporal representation of the eigenvalue problem in
F given by [17]
[ωˆ +H] |Ψ(n)M 〉 = (M + n) |Ψ(n)M 〉, (2)
where ωˆ =
∑
mm I ⊗ |m〉〈m| is the discrete fre-
quency operator with I the identity in H , and H =
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2pi
∑
mm′
∫ 2pi
0
dτei(m−m
′)τh(τ) ⊗ |m〉〈m′| is the Hamil-
tonian in F . The integer M labels solutions |Ψ(n)M 〉 =
1
2pi
∫ 2pi
0
dteiMt|v(n)t 〉|t〉 that correspond to the same time-
dependent Floquet state.
To understand the physics of the driven problem we
must thus understand the states {|Ψ(n)M 〉} on the Floquet
lattice. It is insightful in this regard to view Eq.2 as an
analogue of a Wannier-Stark ladder [23, 24], in which the
frequency operator takes the place of the position opera-
tor. In particular, the average position of an electron in
the Wannier-Stark ladder is given by an adiabatic Berry
phase [25]. Interestingly, in the Floquet problem the av-
erage frequency is also given by a Berry phase [26]
〈Ψ(n)M |ωˆ|Ψ(n)M 〉 = M + Pωn , (3)
where Pωn = 12pi
∫ 2pi
0
dtAnnt (t), and Anmt (t) =
−〈v(n)t |i∂t|v(m)t 〉. The Berry phase 2piPωn , however, is non-
adiabatic in nature because it is not calculated using
the instantaneous eigenstates of the Hamiltonian but,
instead, it is calculated using Floquet eigenstates. It
is revealing that the quasi-energies can be written as
n = En + Pωn , where En = 12pi
∫ 2pi
0
dτ〈u(n)τ |H(τ)|u(n)τ 〉
is the average energy per cycle. Thus, the quasi-energies
are not entirely dynamical quantities, but also contain
geometric information.
Although the Berry phase 2piPωn itself has been stud-
ied previously [27–29], the physics underlying its relation
with the average of ωˆ has not received as much atten-
tion, as far as we are aware. In static systems, the mod-
ern theory of polarization hinges on an analogous rela-
tion 〈Ψ(n)R |xˆ|Ψ(n)R 〉 = R+Pxn , where xˆ is the position op-
erator, |Ψ(n)R 〉 are exponentially localized Wannier func-
tions in position space, R is a Bravais-lattice vector, and
Pxn = 12pi
∫ 2pi
0
dkAnnk (k), with Annk (k) the Berry connec-
tion in quasimomentum space [30]. Since Pxn measures
deviations with respect to integer positions, it quantifies
spatial polarization. Thus, by analogy, we are motivated
to interpret Pωn as polarization along the frequency di-
rection.
Let us examine how this kindf of polarization can carry
signatures of drive-induced phases. To begin with, all
static phases must have vanishing frequency-domain po-
larization. This follows from H being diagonal in fre-
quency space in the absence of a drive, which implies
that |Ψ(n)M 〉 is completely localized to single sites along
the frequency axis. When a drive is turned on contin-
uously, static phases can become polarized in frequency
space due to the induced time dependence. However, as
long as no phase transition is crossed, this polarization
can always be removed continuously by turning off the
drive. Thus, a nonzero Pωn is not in itself a signature of a
drive-induced phase. By contrast, if a driven system has
a nontrivial quantized frequency-domain polarization, it
will not be possible to remove the drive continuously. As
FIG. 1. (a,b) Probability densities of 0 and pi-modes along
one edge of the Floquet lattice with {Γ, Jr} = {0, 1/4} and
{Γ, Jr} = {1/2, 1/4}, respectively. The insets show the den-
sity profiles, and the red lines indicate their polarization.
(c,d) Probability densities of the spectrally paired states of
the two kinds of spin glasses of the spin model with the same
parameters as in (a,b). The quantized relative frequency-
domain polarization in the time-crystal phase (c) is noted
with the red arrows.
a result, such a phase is not continuously connected to a
static system, making it inherently dynamical in nature.
Frequency-domain polarization can thus serve to char-
acterize robust aspects of the dynamics of drive-induced
phases, as we will illustrate in the examples that follow.
Keep in mind that for 〈Ψ(n)M |ωˆ|Ψ(n)M 〉 =∑
mm|Ψ(n)M (m)|2 to be well-defined, the probability
density |Ψ(n)M (m)|2 must be sufficiently localized along
the frequency direction. This will be the case, for exam-
ple, if the drive is an analytic function of time [30, 31].
We have found, however, that numerical convergence
is also achieved in the models with discontinuous time
dependence which we investigate here.
Quantized frequency-domain polarization. An example
of quantized frequency polarization arises at the bound-
ary of driven one-dimensional spinless superconductors
(SC), which reside on a 2D Floquet lattice. We will con-
sider the non-interacting case for simplicity which can be
described by a mean-field Hamiltonian in the Bogoliubov-
de Gennes (BdG) formalism. Static SCs can realize
a topological phase with 0-energy Majorana boundary
modes. When the system is driven, a new Majorana
mode can appear at  = 1/2, which is referred to as
pi-mode. Due to the particle-hole symmetry of the BdG
Hamiltonian, the average energy per cycle of both types
of boundary modes vanishes Eη = 0 (η = 0, pi). Thus,
we obtain
Pωedge,η =
1
2pi
η. (4)
This implies that driven 1D SCs are characterized by
3quantized polarization at the edge of the 2D Floquet
lattice. We illustrate this with the model h(0 < t <
pi) =
∑
r Γiarbr and h(pi < t < 2pi) =
∑
r Jribrar+1,
where ar = c
†
r + cr and br = i(c
†
r − cr) are Majorana
fermion operators. In Fig.1a,b we show the probability
densities of both types of Majorana modes on the Flo-
quet lattice. Changing the parameters of the Hamilto-
nian continuously can change these densities, leading to
non-universal changes in the their dynamics. However,
the nonzero polarization of the pi modes makes it impos-
sible to take away their time-dependence, thus revealing
the inherent dynamical nature of the associated Floquet
phase.
This example can be used to show that frequency
domain polarization also characterizes symmetry bro-
ken phases. If we perform a Jordan-Wigner transfor-
mation [32], the SC wire maps to the spin-1/2 model
h(0 < t < pi) =
∑
r Γσ
1
r and h(pi < t < 2pi) =∑
r Jrσ
3
rσ
3
r+1. The SC phase with 0-modes maps to a
phase that exhibits spin-glass order which breaks the dis-
crete Z2 symmetry P =
∏
r σ
1
r [12]. In this phase, the
Floquet states that differ by the occupation of the 0-
mode in the fermion language correspond to doubly de-
generate spin states |u(n)t,±〉 with quasi-energies (n)+ = (n)− ,
where ± labels eigenvalues of P. Since the average en-
ergy per cycle must be the same for both states, the dif-
ference in their frequency-domain polarization vanishes
∆Pω ≡ Pωn,+−Pωn,− = 0. In contrast, the SC phase with
pi-mode maps to a phase which exhibits spin-glass order
and spontaneously breaks time-translation symmetry. In
this case, the spin states |u(n)t,±〉 that differ by the occu-
pation of the pi-mode in the fermion language are spec-
trally separated 
(n)
+ − (n)− = 1/2, which has been shown
as the root cause of time-translation symmetry breaking
in this system [12]. This spectral pairing is equivalent to
∆Pω = 1/2. The time crystal phase can thus be viewed
as arising from a nonzero quantized non-adiabatic geo-
metric effect on the Floquet lattice. We illustrate the
probability densities of the spectral pairs for both phases
in Fig.1c,d. The general case with interactions can be
studied as well, although it requires a discussion of many-
body localization which we will carry out elsewhere.
Quantized frequency-domain pumping. It
is also possible to obtain quantized pumping
of frequency-domain polarization in a (2+1)-
dimensional system. Consider the model h(k, t) =∑4
n=1 Jn(t)
[
cos (bn · k)σ1 − sin (bn · k)σ2
]
, with
b1 = −b3 = xˆ/2, and b2 = −b4 = yˆ/2, and where
σa are Pauli matrices that act on orbitals {A,B} in
which σ3 is diagonal [10]. The coefficient Jn(t) = J
only if (n − 1)T/5 < t < nT/5, (n = 1 . . . 4), and
vanishes otherwise. The system in this case resides on
a 3D Floquet lattice (Fig.2), and the phase diagram
includes a topological phase that has chiral modes at
the boundary and vanishing Chern number in the bulk,
FIG. 2. Pumping of charge (a) and photons (b) at the
surface y = Ny due to C
surf
ωx = 1 when J = 5/4. (c) 3D
Floquet lattice with three surface Chern numbers.
which we will focus on.
Consider first the analytically solvable point J = 5/4
with open boundary conditions along the yˆ direction. A
surface mode |uR0kx〉 = |Ny, A〉 will appear that is local-
ized at y = Ny and has weight only on the A orbital. This
mode has a quasi-energy spectrum given by e−2piiR,kx =
e−i(kx−pi). Using |uRtkx〉 = Ukx(t, 0)|Ny, A〉, one finds that
the average energy per cycle vanishes and, as a conse-
quence, its frequency-domain polarization is given by
e−2piiP
ω
R,kx = e−i(kx−pi). Remarkably, as kx changes by
2pi, PωR,kx increases by an integer, which signals the pres-
ence of a Chern number at this surface. Indeed, by
calculating the Berry curvature Fωx(kx, t) = ∂tAkx −
∂kxAt, we obtain Csurfωx = 12pi
∫ 2pi
0
∫ 2pi
0
dkxdtFωx(kx, t) =∫ 2pi
0
dkx∂kxPωkx = 1. A similar calculation at the opposite
surface y = 1 leads to e−2piiP
ω
R,kx = e−i(−kx+pi), implying
that at that surface Csurfωx = −1.
These surface Chern numbers are a robust property of
this phase of matter when the bulk is localized by disor-
der, which is known as the anomalous Floquet-Anderson
insulator (AFAI) [10]. Let us again focus on the ωx sur-
face. Consider threading flux θx parallel to the yˆ direc-
tion. Since the bulk is localized, only the delocalized sur-
face modes are sensitive to flux insertion. The number of
boundary modes is given by Nedge =
∑
j
∫ 2pi
0
dθx∂θxjθx
[10], where j runs over states localized in a vicinity of one
of boundaries of the system. Using jθx = Ejθx + Pωjθx ,
we obtain
Nedge = 1
2pi
∫ 2pi
0
∫ 2pi
0
dθxdtFωx(θx, t) = Csurfωx , (5)
where we have used that 〈u(j)tθx |h(θx, t)|u
(j)
tθx
〉 is a smooth
and periodic function of θx, so that
∫ 2pi
0
dθx∂θxEjθx = 0.
Since the yω surface has the same number of modes, then
Csurfyω = C
surf
ωx .
There are two physically complementary ways to in-
terpret a nonzero Chern number [33], which we illustrate
when J = 5/4 in Fig.2. From one perspective, a nonzero
Csurfωx implies that there is quantized charge pumping in
4FIG. 3. (a) Quasi-energy spectrum in the repeated zone
scheme. The red-dashed lines are the bands in the undriven
limit. The integers indicated at Q = −pi, 0 are the average
frequencies. (b,c) Flow of the frequency-domain polarization
for C±hBZ = 0 (λ = 0.5,m = −0.5, J = 0.4) and C±hBZ = ∓1
(λ = 0.5,m = −0.275, J = 0.175). (d) Phase diagram il-
lustrating some Chern numbers and spatial polarization that
can be obtained.
the xˆ direction as t traverses a full period (Fig.2a), which
was pointed out using different arguments in [10]. The
second point of view, which emerges from our study of
frequency-domain polarization, is that the surface states
move in the ωˆ direction by Csurfxω unit cells as kx traverses
the BZ (Fig.2b). This generalizes in the disordered case
to the sum of displacements along the frequency axis of
all edge states, adding up to Csurfxω , as a flux quantum is
threaded. Heuristically, if all edge states are occupied, we
can interpret this net displacement as a number |Csurfxω |
of photons being emitted (when Csurfxω > 0) at one edge
of the system as a flux quantum is threaded; the oppo-
site edge correspondingly absorbs the same number of
photons. We thus find that the AFAI is not only a non-
adiabatic charge pump, but it is also a quantized photon
pump.
Finally, by truncating the frequency domain, surface
Chern numbers Csurfxy perpendicular to the frequency di-
rection must also arise that are equal to the number of
boundary modes [5]. Thus, Csurfxy = C
surf
ωx = C
surf
yω . Mech-
anisms for creating a boundary in the frequency domain
using memory effects have been proposed recently [20].
The AFAI phase is thus characterized by Chern numbers
on all of its surfaces as illustrated in Fig.2c.
Creating new dynamical phases. New drive-induced
phases could be discovered by investigating the possible
patterns of frequency-domain polarization that can be re-
alized on the Floquet lattice. In practice, we may exploit
our knowledge of ground states with nontrivial polariza-
tion in d spatial dimensions to construct, by analogy,
Floquet phases on the d-dimensional Floquet lattice.
For example, there exist two-dimensional static topo-
logical phases that are characterized by a Chern number
defined in half of the BZ (hBZ) [34]. We now show that a
Chern number in hBZ can also be obtained on a 2D Flo-
quet lattice. One way to achieve this is to enforce that
PωQ vanish at Q = 0, pi, so that Pωkx interpolates between
integers as kx is varied from 0 to pi. Consider a two-band
model h(kx, t) =
∑3
a=1 da(kx, t)σ
a, where the Pauli ma-
trices σa act on two orbitals A,B. The integer constraint
we seek can be satisfied if UQ(t, t0) = e−i
∫ t
t0
dτd3(Q,τ)σ3 .
This will be the case, for example, if h(kx, t) satisfies
the particle-hole symmetry Ch(kx, t)C
−1 = −hT (−kx, t),
with C = σ1K and where K represents complex conju-
gation. If we additionally require that h(kx, t) be a con-
tinuous function of time, a Chern number can then be
defined
CσhBZ =
1
2pi
∫ 2pi
0
∫ pi
0
dtdkxFσkxω(kx, t), (6)
where σ = ± labels the two quasi-energy bands. Due to
particle-hole symmetry, C+hBZ = −C−hBZ. A simple numer-
ical check reveals that the integer constraint at Q = 0, pi
fails if one adds trivial particle-hole symmetric bands. As
a result, CσhBZ is only quantized for two-band particle-
hole symmetric wires, similar to static Hopf insulators
[35]. In addition to CσhBZ, we know that particle-hole
symmetric systems have a quantized spatial polarization
Pxn = 0, 1/2 [36, 37]. Thus, there exists drive-induced
two-band one dimensional dynamical phases protected
by particle-hole symmetry with a Z × Z2 classification.
This is remarkable, as it goes beyond the known Z2×Z2
classification of driven particle-hole symmetric topologi-
cal states [7].
To construct bands with arbitrary Chern
numbers, consider h(kx, t) = J sin kxσ
1 +
(m+ J cos kx + λ sin t)σ
3. We show in Fig.3a the
spectrum in a repeated zone scheme, with two quasi-
energy bands per frequency unit cell. Consider the
static limit λ = 0 such that the bands cross at  = 1/2
as shown by the red dashed lines in Fig.3a. In this
limit, the states at Q = −pi, 0 of a given band have
the same integer average frequency, as denoted next to
the red dots in Fig.3a, producing zero Chern number.
By turning on a weak drive, the quasi-energy crossings
become gapped; however, the average frequency at
Q remain fixed to integer values, as required by our
construction. Due to the resulting band inversion, each
band now interpolates between different integer average
frequencies, leading to a nonzero Chern number.
Through a sequence of these band inversions, arbitrary
values of the Chern number can be achieved as a function
of m,J. In Fig.3c,d, we show the quantized flow of polar-
ization for the cases C±hBZ = 0 and C
±
hBZ = ∓1. The flow
in the latter case is unremovable by continuous transfor-
mations of the Hamiltonian and thus indicates that the
system is inherently dynamical. In Fig.3d, we illustrate
part of the resulting phase diagram for our model.
Finally, the two-band constraint implies that these dy-
namical phases are not robust to the breaking of transla-
tional symmetry. One way to see this is that by adding a
5potential with a periodicity that is twice that of the orig-
inal system, the unit cell is doubled. Since this doubles
the number of bands in the BZ, the resulting system will
not have a well-defined ChBZ. A consequence of this is
that the bulk integer invariant is not equal to the num-
ber of boundary modes, since the boundary itself breaks
translational symmetry. Notwithstanding this, the par-
ity of the bulk Chern number does provide some infor-
mation about the presence of boundary modes. By pro-
ducing band inversions as illustrated in Fig. 3, one can
infer that a band inversion at  = 1/2 ( = 0) always
changes C±hBZ by an odd (even) amount. Thus, a pi-
mode will arise whenever (−1)ipiCσhBZ = −1. Furthermore,
each time there is a phase transition at either quasi-
energy gap, Px changes by 1/2 [37]. Thus, whenever
(−1)ipi(CσhBZ+2Px) = −1, a 0-mode will be present in the
spectrum.
Conclusions. In this work, we have studied the signa-
tures of driven phases of matter on the Floquet lattice.
Floquet eigenstates are characterized by a non-adiabatic
Berry phase which we interpret as frequency-domain po-
larization. This polarization exhibits quantized behav-
ior in phases induced by a drive and, thus, serves as a
criterion to identify when a phase is inherently dynami-
cal. This opens the door to understanding and discover-
ing new driven phases with stable patterns of frequency-
domain polarization.
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